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Abstract
Let G be a graph that is cellularly embedded in the projective plane such that the dual graph
is Hamiltonian. Then we prove that G is upper embeddable. In the meantime we also obtain the
same result for other general orientable surfaces if the dual graph contains a separating Hamilton
circuit.
c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
The graph considered here is 6nite and undirected and, furthermore, is connected
unless it is stated otherwise. In general, multiple edges and loops are allowed. Termi-
nology and notation without explicit explanation follows as from [1].
By a surface, denoted by
∑
, we will mean a compact and connected two-manifold
with no boundaries. It is well known from elementary topology that surfaces can be
divided into two classes: orientable or nonorientable ones. An orientable surface can
be viewed as a sphere attached h handles, while an nonorientable surface as a sphere
attached k crosscaps. The number h or k is called the genus of the surface accord-
ing to the orientability. A cellular embedding of a graph G into a surface
∑
is a
one-to-one mapping  :G→∑ such that each component of ∑\(G) is homeomor-
phic to an open disc, called a face of G (with respect to this embedding ). Two
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faces are said to be adjacent if they have a common edge appearing on their respec-
tive boundaries. Let F1, F2; : : : ; Fn (n¿1) be all the faces of a graph G with respect
to some embedding . If Fi and Fi+1 are adjacent, where 16i6n and the indices
are read module n, then we say that F1, F2; : : : ; Fn are consecutively adjacent. In this
sense, we also say that the embedding  is a consecutively adjacent-face embedding.
If there is no confusion, we are always identifying G with its image (G) for some
embedding .
In order to well describe the face adjacency of an embedded graph, a convenient
tool is the dual graph whose de6nition can be seen as follows. Let  be an cellular
embedding of G. First, for each face F of G, place a vertex F∗ in its interior; then
for each edge e of G, draw an edge e∗ connecting the two vertices just placed in the
interiors of the two faces containing e as their common boundary edge, and intersecting
G only in the interior of e exactly once. If the two sides of e belong to the same
boundary of some face F , then e∗ is a loop based at the vertex F∗. The resulting
graph with vertices F∗ and edges e∗ is called the dual graph of G (with respect
to this embedding ). It is easily veri6ed that the dual graph G∗ is also cellularly
embedded in the same surface, and furthermore that the statement “the embedding 
is a consecutively adjacent-face embedding of G” is equivalent to the statement “the
dual graph G∗ of G is a Hamilton graph”.
Recall that the maximum genus M(G) of a graph G is the maximum integer k
with the property that there exists a cellular embedding of G on the orientable surface∑
with genus k. Since any graph G cellularly embedded in an orientable surface has
at least one face, Euler’s formulate shows that M(G)6(G)=2, where the value
(G)= |E(G)|− |V (G)|+1 is known as the cyclic number of G. A graph G is said to
be upper embeddable if M(G)= (G)=2. For various details and basic descriptions
concerning the maximum genus and the upper embeddability of graphs, the reader may
refer to papers [15,18,4].
Since the introductory article of the maximum genus of graphs by Nordhaus
et al. in [15], the maximum genus of graphs has been receiving considerable attention.
That a graph is upper embeddable is equal that the maximum genus of the graph at-
tains the best upper bound (G)=2. Combined with some other invariants of a graph,
such as vertex- or edge-connectivity, diameter, girth, degree, independent set, and so
on, many papers have provided distinct kinds of upper embeddable graphs (see pa-
pers [8,10,11,17,16,20]), and have given the lower bounds of the maximum genus of
graphs (see papers [7,2,3,19,21]). However, based only on some embedding properties
of an embedded graph, not on the invariants of the graph, as far as the author have
known, the results involving the maximum genus of graphs seem no much, and there
are only the following two ones.
A formerly known result, due to Jaeger and Xoung in [6], is
Result 1. A graph is upper embeddable if it has a sphere embedding (cellular) such
that its dual graph is a Hamilton graph.
Relying on the size of the faces of an embedded graph, Nedela and KSkoviera in [14]
have recently proved the following result:
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Result 2. A loopless graph is upper embeddable if it admits an cellular embedding in
some surface (orientable or not) with the size of each face no more than 5.
Just as stated before, “the dual graph of an embedded graph is a Hamilton graph”
is equivalent to the corresponding embedding being a consecutively adjacent-face em-
bedding. In this paper we consider the same problem as [6] for the projective plane
embedding case, that is to say, we prove that a graph cellularly embedded in the pro-
jective plane is upper embeddable if its dual graph is Hamiltonian. We also prove the
analog for other orientable surface embeddings if the dual graph contains a separating
Hamilton circuit. Note that unlike many other results on the maximum genus of graphs,
our results are also only in terms of the embedding properties of the graph, not of its
other invariants. The main results and their proofs are given in Section 3. The next
section contains some properties on the Betti de6ciency of a graph.
2. Some results on the Betti deciency
First we explain the de6nition of the Betti de6ciency of a graph. Let G be a graph
and X ⊆E(G), G\X is the graph obtained from G by removing all the edges in X .
Let T be a spanning tree of a graph G. Denote (G; T ) by the number of compo-
nents of G\E(T ), each of which has an odd number of edges. Then the Betti de7-
ciency of G is de6ned as the value minT (G; T ), where the minimum is taken over
all spanning trees T of G. In this section we give some results on the Betti de6-
ciency of a graph, which are used in the proof of our main results. The following
one is a basic result in the study of the maximum genus of graphs (see [18], for
example).
Lemma 1. Let G be a graph. Then
(1) M(G)= ((G)− (G))=2;
(2) G is upper embeddable if and only if (G)61.
From Lemma 1 above, it is obvious that the maximum genus M(G) of a graph G is
closely related to the Betti de6ciency (G) since the cyclic rank (G) is computably
easy. Here, it shall be mentioned that NebeskMy [9] has given another combinatorial
expression on the Betti de6ciency (G) in terms of edge cut set of a graph G.
Combined with the de6nition of the maximum genus and Lemma 1, the following
lemma is immediate:
Lemma 2. Let G be a graph. If G has an cellular embedding on some orientable
surface with exactly one face, then (G)= 0.
Let G be a graph and A⊆E(G), denote c(G\A) by the number of components
of G\A, and b(G\A) by the number of components F of G\A with odd (F). The
proof of the following lemma can be found in [20]. (Note that the lemma can be
derived from Theorem 3 of paper [9] and it is closely related to Lemma 2 of
paper [13].)
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Lemma 3. Let G be a graph. If (G)¿2, namely G is not upper embeddable, then
there exists an edge subset A of G satisfying the following properties:
(1) c(G\A)= b(G\A)¿2;
(2) for any component F of G\A, F is a vertex-induced subgraph of G; and
(3) (G)= 2c(G\A)− |A| − 1.
Let G be a graph and T be a spanning tree of G. It is clear that for any edge
e∈E(G)\E(T ), T + e contains a unique circuit of G, denoted by CT (e), which is
called a basic circuit of G (with respect to the spanning tree T of G). Two circuits
of a graph are called to be disjoint if they have no common vertices; otherwise, not
disjoint.
Lemma 4. Let G be a graph. If (G)¿2, then for any spanning tree T of G, there
exist two edges e1; e2 ∈E(G)\E(T ) such that CT (e1) and CT (e2) are disjoint.
Proof. Since (G)¿2, by Lemma 1 there exists A⊆E(G) such that G\A satis6es all
the properties described in Lemma 1. Let H1, H2; : : : ; Hl be all components of G\A,
where l= c(G\A). By Lemma 1(1), l¿2. By Lemma 1(1) and (2), Hi (16i6l) is
a vertex-induced subgraph of G with (Hi) being odd. For any 16i6l, let T ∩Hi be
denoted by the subgraph of T, which belongs to Hi. Since T is a spanning tree of
G, it is known that T ∩Hi is a spanning forest of Hi. Again, let T ∩Hi consist of ai
trees T (1)i , T
(2)
i ; : : : ; T
(ai)
i (ai¿1). Obviously,
⋃ai
j=1 V (T
( j)
i )=V (Hi). Since each T
( j)
i ,
16j6ai, is a tree, we have
|E(T ∩Hi)|=
ai∑
j=1
|E(T ( j)i )|=
ai∑
j=1
(|V (T ( j)i )| − 1)= |V (Hi)| − ai:
On the other hand, since each Hi is a vertex-induced subgraph of G, it implies that any
edge e belongs E(T ) if and only if e belongs to any one of E(T )∩A and E(T ∩Hi)
for 16i6l, and so we have
|E(T )|= |E(T )∩A|+
l∑
i=1
|E(T ∩Hi)|:
Therefore,
|E(T )∩A|= |E(T )| −
l∑
i=1
|E(T ∩Hi)|
= |E(T )| −
l∑
i=1
(|V (Hi)| − ai)
= |E(T )| − |V (G)|+
l∑
i=1
ai
=
l∑
i=1
ai − 1 (since T is a spanning tree of G):
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Note that l¿2, and ai¿1 for each 16i6l. In the following we shall prove that among
all the ai’s, there exist at least two of them, say a1 and a2, such that a1= a2 = 1. If,
otherwise, it is not the case, namely there is at most some one ai =1 (16i6l), from
the equalities above we get that
|E(T )∩A|=
l∑
i=1
ai − 1¿1 + 2(l− 1)− 1=2l− 2:
So it follows that |A|¿|E(T )∩A|¿2l−2. By the condition (G)¿2 of the lemma and
the expression of (G), property (3) of Lemma 3, we have that |A|=2l− 1− (G)6
2l− 3. It occurs to a contradiction. Therefore a1= a2 = 1, as desired. This shows that
T ∩H1 and T ∩H2 are connected and thus are spanning trees of H1 and H2, respectively.
Note that both (H1) and (H2) are odd by property (1) of Lemma 3. Thus each of
H1 and H2 contains circuits. So, for i=1; 2, there exists an edge ei ∈E(Hi) and ei =∈
E(T ∩Hi) such that the basic circuits CT (ei) belongs to Hi. Therefore CT (e1) and
CT (e2) are disjoint, completing the proof of the lemma.
Obviously the above Lemma 4 can be changed into the following equivalent
statement:
Lemma 4′. Let G be a graph, and T be a spanning tree of G. If no two basic circuits
of G with respect with T are disjoint, then (G)61, namely G is upper embeddable.
Note that Lemmas 4 and 4′ are closely related to the subjects of papers [12,5].
The following result is proven in [6].
Lemma 5. Let G be a graph and {V1; V2} be a partition of V (G). If the vertex-induced
subgraphs G[V1] and G[V2] are both trees, then (G)61.
If a pair of edges e1 and e2 have a common end vertex in a graph G, then we say
that the pair 〈e1; e2〉 is an adjacent-edge pair in G. It is easily seen that a graph with
even number of edges can be partitioned into many adjacent-edge pairs. Adding an
adjacent-edge pair 〈e1; e2〉 into a graph G means that adding the two new edges e1
and e2 in G (but not adding any new vertices) such that 〈e1; e2〉 is an adjacent-edge
pair in the resulting graph.
With the help of Lemma 5 we have the following result, which is more general than
we need in the proof in our main results:
Lemma 6. Let G1 and G2 be two graphs, and G be a graph obtained from G1 and
G2 by adding n edges e1, e2; : : : ; en (n¿1) running from G1 to G2. Then (G)6
1 + (G1) + (G2).
Proof. For convenience let (Gi)= ki, and let V (Gi)=Vi, i=1; 2. For each i=1; 2,
there thus exist an spanning tree Ti of Gi so that (Gi; Ti)= ki. Let K1i ; K
2
i ; : : : ; K
ki
i be
all the components of Gi\E(Ti) with odd number of edges. Obviously, all the edges in
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each such component K ji (16j6ki), except from one edges e
j
i , can be partitioned into
many (possibly null) adjacent-edge pairs in K ji . Of course, this is so for all the edges
in each component of Gi\E(Ti) with even number of edges. Let G′ be a graph obtained
from G by removing all the edges in (E(G1)\E(T1))∪ (E(G2)\E(T2)). By Lemma 5,
we easily see that (G′)= 1, since {V1; V2} constitutes a vertex partition of the graph
G′ such that the vertex-induced subgraph G′[V1] and G′[V2] of G′ are trees T1 and T2,
respectively. In addition, we note that each adjacent-edge pair in any component of
Gi\E(Ti) is also an adjacent-edge pair in G′. Therefore, the graph G can be viewed to
obtain from G′ 6rst by adding a series of adjacent-edge pairs, and then adding k1 + k2
edges e ji , 16j6ki, i=1; 2. By the de6nition of Betti de6ciency  of graphs, adding
an adjacent-edge pair into a graph does not increase the value , while adding an edge
into a graph increases the value  at most one. The above arguments thus implies that
(G)61 + k1 + k2 = 1 + (G1) + (G2), completing the proof.
3. The main results and their proofs
Before proceeding to the main results we give a result involving the simple curves
on the projective plane. A simple closed curve on a surface is null-homeomorphic if
it bounds a 2-cell on the surface; otherwise, it is essential. A simple closed curve
on a surface
∑
is called to be separating or nonseparating according to whether∑\C is connected or disconnected, respectively. Let C1 and C2 be two distinct simple
closed curves on a surface If C ∩C2 is empty, we say that C1 and C2 are disjoint;
otherwise, C1 and C2 are joint. Any circuit of an embedded graph can be regarded
as a simple closed curve on the embedding surface. Clearly, two distinct circuits of a
graph cellularly embedded in a surface
∑
is not disjoint, as simple closed curves on∑
, if and only if they must be joint, as the circuits of the embedded graph. Thus, two
notions “not disjoint” or “disjoint” are consistent in our consideration below.
The following result is easily veri6ed, for whose proof we omit:
Lemma 7. Let C1; C2; : : : ; Cm (m¿1) be a family of simple closed curves on the
projective plane. If they are essential, then no two of them are disjoint.
Our main results are the following theorems, and the 6rst one is:
Theorem 1. Let G be a graph cellularly embedded in the projective plane
∑
. If its
dual graph is Hamiltonian, then (G)61, namely G is upper embeddable.
Proof. Since the dual graph is Hamiltonian, let F1; F2; : : : ; Fn be all the consecutively
adjacent faces of G with respect to this embedding. If G has only one face, i.e., n=1,
by Euler’s formulate we have that |E(G)|= |V (G)| and thus G contains exactly one
circuit. It is direct that (G)= 1 by the de6nition. Assume now that n¿2. Without
loss of generality, let Fi and Fi+1 be adjacent by the edge ei, where 16i6n and the
indices are read module n. Let C∗=F∗1 e
∗
1F
∗
2 e
∗
2 · · ·F∗n e∗nF∗1 be a Hamilton circuit of
the dual graph G∗ corresponding to these edges ei’s of the embedded graph G. Thus
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C∗ is a simple closed curve on
∑
. By the de6nition of the dual graph we note that
the points of C∗ ∩G are only those of C∗ ∩ ei, and furthermore that for each 16i6n,
C∗ ∩ ei has exactly one point in the interior of ei. In the following we consider two
cases:
Case 1: C∗ is null-homeomorphic on
∑
. We 6rst have the following claims:
Claim 1. There exists an edge f =ei (16i6n−1) such that T=G\{e1; e2; : : : ; en−1; f}
is a spanning tree of G.
Proof. Since C∗ is null-homeomorphic on
∑
, we easily see that G\{e1; e2; : : : ; en} is
disconnected. On the other hand, since the faces F1; F2; : : : ; Fn are consecutively adjacent
by the edges e1; e2; : : : ; en. We get that the graph G\{e1; e2; : : : ; en−1} has the induced
embedding on
∑
with exactly one (cellular) face. This can be seen as follows. Since
e1 is an edge belonging to both boundaries of F1 and F2, removing the edge e1 from
the embedded graph G results in mingling F1 and F2 into a new (cellular) face F12 of
the embedded graph G\{e1}, with other faces unchanged. Now the faces F12 and F3
are adjacent by the edge e2. We thus continue this process for i=2; : : : ; n− 1, and at
last obtain the desired embedding of G\{e1; e2; : : : ; en−1} on
∑
. This also implies that
G\{e1; e2; : : : ; en−1} is connected, since disconnected graphs has no cellular embedding
on any surface. In addition, Euler’s formulate for the projective plane case shows
that the number of edges of G\{e1; e2; : : : ; en−1} is |V (G)|. Therefore, there exits an
edge f such that f = ei, 16i6n, and T =G\{e1; e2; : : : ; en−1; f} is a spanning tree
of G.
Claim 2. As for the spanning tree T , all the basic circuits of G, CT (ei) for 16i6n−1
and CT (f), are essential on
∑
.
Proof. First, if some CT (ei) is not essential on
∑
, then CT (ei) must bound a disc
Di. We observe that since the simple closed curve C∗ makes a cross with the edge ei
and passes into Di through ei, there exists another edge e′ of CT (ei), through which
C∗ passes out Di. By the points of intersection of G and C∗ mentioned just before, it
must occur that e′= ej for 16j6n and j = i. This is an obvious contradiction since
CT (ei) is a basic circuit and ej does not belong to CT (ei). Now it remains to prove
that CT (f) is essential on
∑
. Assume to contrary that CT (f) bounds a disc that is a
face of G or not. Similarly, we note that each edge ei (16i6n) does not belong to
CT (f). It is clear that CT (f) is impossible to bound a face of G. If CT (f) bounds a
disc D′ that is not a face of G, there must exist faces of G lying in D′, and there also
exist faces of G not in D′. Since C∗ passes in and out each face Fi through ei and
ei+1, respectively, it follows that there exist at least a pair of edges ei and ej (16i;
j6n and i = j), which belong to Cf. This is impossible. Therefore CT (f) is
essential on
∑
.
By Claim 2 and Lemma 7, no two ones in the family of circuits CT (e1); CT (e2); : : : ;
CT (en−1); CT (f) are disjoint. Since E(G)\E(T )= {e1; e2; : : : ; en−1; f}, by Lemma 4′,
G is upper embeddable, namely (G)61.
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Case 2: C∗ is essential on
∑
. We 6rst easily verify that G\{e1; e2; : : : ; en−1; en}
is connected. Thus, there exits a spanning tree T of G such that ei =∈E(T ) for each
16i6n. Since Euler’s formulate for the projective case shows that |E(G)|= |V (G)| −
1 + n, this ensures that E(G)\E(T )= {e1; e2; : : : ; en}. Using the same arguments as in
Case 1 above, we can prove that each basic circuit CT (ei) (16i6n) is essential on∑
. Similarly, with the help of Lemmas 4′ and 7 we can induce the same conclusion.
Thereby, the above two cases 6nish the proof of the theorem.
Let G be a graph cellularly embedding on the some surface. Then by the de6nition,
we easily veri6ed that the dual graph G∗ is also cellularly embedded in the same
surface. In general, each graph has many distinct cellular embeddings on a surface,
and consequently has many nonisomorphic dual graphs. The following result is an
immediate consequence of Theorem 1, which says something about the maximum genus
of any dual graph of a graph embedded in the projective plane.
Corollary 1. Let G be a Hamilton graph that is cellularly embedded in the projective
plane
∑
. Then the dual graph G∗ of G is upper embeddable, namely (G∗)61.
The following reasons show that there generally is no analogy of Theorem 1, when
we continue to consider the case for other surface embedding of graphs. First, as
for nonorientable case it is known that any graph can be cellularly embedded in a
nonorientable surface with less number of faces, even with exactly one face (see [18],
for example). Thus, it is of large possibility that the embedding is a consecutively
adjacent-face embedding. (But, it can still admit us to consider the case that a graph is
cellularly embedded on a nonorientable surface of small genus.) On the other hand, the
following graph and its embedding is another example for the orientable case. Let G be
a n-circuit with a loop based at each vertex (see the following 6gure (a)). Obviously,
(G)= n − 1 (arbitrarily large). However, G has a cellular torus embedding that is a
consecutively adjacent-face embedding (see the following 6gure (b)). Furthermore, it
is easily seen that its dual graph G∗ is isomorphic to G itself.
We observe from the 6gure (b) above that the Hamilton circuit of the dual graph
G∗ is nonseparating on the torus. If this possibility is excluded, we have the following
general result for any orientable surface embedding, namely:
Theorem 2. Let G be a graph that is cellularly embedded in an orientable surface∑
. If the dual graph G∗ contains a Hamilton circuit that is separating on
∑
, then
(G)61, namely G is upper embeddable.
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Proof. Since the dual graph of G is Hamiltonian, the embedding of G is a consec-
utively adjacent-face embedding, and thus let F1; F2; : : : ; Fn be all consecutively adja-
cent faces of G with respect to the embedding. Without loss of generality, let Fi and
Fi+1 be adjacent by the edge ei (16i6n and the indices are read module n), and
let the corresponding Hamilton C∗=F∗1 e
∗
1F
∗
2 e
∗
2 · · ·F∗n e∗nF∗1 of the dual graph G∗ be
separating on
∑
. First, if G has only one face, namely n=1, since the surface
∑
is orientable, the conclusion is obvious by Lemma 2. Now assume thus that n¿2.
First, since C∗ is separating on
∑
, it is easily known that G\{e1; e2; : : : ; en−1; en}
is disconnected. By a same analysis as in Case 1 of the proof of Theorem 1, we
obtain that the induced embedding of G\{e1; e2; : : : ; en−1} is of exactly one (cellu-
lar) face on
∑
, implying that G\{e1; e2; : : : ; en−1} is connected. Then it follows from
Lemma 2 that (G\{e1; e2; : : : ; en−1})= 0. Since G\{e1; e2; : : : ; en} is disconnected, and
G\{e1; e2; : : : ; en−1} is connected, we get that en is a cut-edge of G\{e1; e2; : : : ; en−1}.
Let G1 and G2 be two components of G\{e1; e2; : : : ; en−1; en}. By [2], (G\{e1; e2; : : : ;
en−1})= (G1) + (G2). This must happen that (G1)= (G2)= 0. According to
Lemma 6 we have that (G)6(G1) + (G2) + 1=1, as desired. This 6nishes the
proof of the theorem.
Analogous to Corollary 1, by Theorem 2 we have the following result:
Corollary 2. Let C be a Hamilton circuit of a graph G that is cellularly embedded
in any orientable surface
∑
. If C is separating on
∑
, then the dual graph G∗ of G
is upper embeddable.
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